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Abstract
The classical field equations of a Liouville field coupled to gravity in two
spacetime dimensions are shown to have black hole solutions. Exact solutions
are also obtained when quantum corrections due to back reaction effects
are included, modifying both the ADM mass and the black hole entropy.
The thermodynamic limit breaks down before evaporation of the black hole
is complete, indicating that higher-loop effects must be included for a full
description of the process. A scenario for the final state of the black hole
spacetime is suggested.
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Liouville field theory has been a useful tool in expanding our understand-
ing of 2D quantum gravity. The usual approach is to consider the Liouville
field to be the conformal factor of the metric, whose quantum properties are
then derived from the quantum dynamics of the Liouville field coupled to
other 2D matter [1, 2]. Recently, however, a different approach has been
adopted in which the Liouville field is taken be an independent matter field
whose stress-energy couples to 2D gravity in a manner somewhat analogous
to the (3+1)-dimensional case [3]. The field equations contain asymptotically
flat black hole solutions whose temperature depends upon their ADM-mass,
making them interesting objects of investigation.
This letter presents the results of a study of the quantum dynamics of a
Liouville field in curved two-dimensional spacetime; details will appear in a
forthcoming paper [4]. Specifically, the classical field equations of a Liouville
field in curved spacetime are modified to include quantum corrections due to
both conformally coupled matter and to the gravity/Liouville system itself.
An exact solution is obtained in each case, thereby fully incorporating the
back-reaction into the classical black hole solution to one-loop order.
The action is a particular version of dilaton gravity [5, 6] in which
SG + SM =
1
2pi
∫
d2x
√−g
(
1
2
gµν∇µψ∇νψ + ψR
)
+ SM (1)
where R is the Ricci scalar and SM =
∫
d2x
√−gLM is the two-dimensional
matter action which is independent of the auxiliary dilaton field ψ. This
yields (after some manipulation) the field equations
R = 2piT µµ ∇νT µν = 0 (2)
1
2
(
∇µψ∇νψ − 1
2
gµν(∇ψ)2
)
+
1
2
gµν∇2ψ−∇µ∇νψ = 2pi(Tµν − 1
2
gµνT
λ
λ ) (3)
where Tµν is the conserved 2D stress-energy tensor associated with SM . Note
that the evolution of the gravity/matter system is independent of ψ.
Here the stress-energy is taken to be that of a Liouville field φ, so that
SM = SL where
SL =
1
2pi
∫
d2x
√−g
(
−1
2
(∇φ)2 + Λe−φ
)
(4)
which reduces to that of the standard Liouville action for 2D flat space. For
simplicity a term coupling φ to the Ricci scalar has been set to zero. In
1
coordinates where ∂/∂t is a Killing vector the classical field equations (2,3)
in this case have the exact solution [3]
ds2 = −α(x)dt2 + dx
2
α(x)
(5)
where
α(x) = (1− Λ
4M2
e−2Mx)
φ = 2Mx and ψ = 2Mx+ ψ0 (6)
where ψ0 and M are constants of integration. If Λ > 0 then the solution (6)
is that of an asymptotically flat black hole of ADM-mass M .
Although the black-hole metric in (6) superficially resembles that ob-
tained in string-theoretic dilaton gravity, the mass parameter M plays a
strikingly different role. Standard techniques for calculating the temperature
T in the absence of back-reaction effects yield T = M
2pi
(and not T =constant
[7]). The black hole has positive specific heat and its entropy varies logarith-
mically with the mass, a phenomenon found for other matter couplings in
the action (1).
Consider next incorporating the back-reaction due to radiation of con-
formally coupled matter fields with action SC . Classically, the addition of
both (3) and SC to (1) has no effect on the metric and Liouville fields as
its stress-energy tensor is traceless (although the dilaton field ψ is modified).
Quantum-mechanically, however, the trace anomaly 〈O|T c µµ |O〉 = − cM24piR,
where cM is the central charge, implies [8]
〈O|T c11|O〉 =
1
96pi
(α′)2 − T0
α2
〈O|T c01|O〉 =
T1
α2
〈O|T c00|O〉 =
1
96pi
4α′′ − (α′)2 + T0
α2
(7)
where α′ ≡ d
dx
α. T0 and T1 are constants which depend upon the choice of
boundary conditions and T cµν is the stress-energy tensor of the conformally
coupled matter.
The field equations (2,3) of the dilaton/metric/Liouville system are con-
sequently modified. These have the exact solution
αB = 2Mˆx− Λ
2
c2M
(24− cM)(12− cM)x
2
0(
x
x0
)−24/cM
2
φB = (1− 12
cM
) ln(
x
x0
) and ψB = − 24
cM
ln(
x
x0
) + ψ0 (8)
where T1 = 0 and T0 = 4M
2, and the subscript “B” denotes the fact that
the back-reaction has been included. Here Mˆ =M cM
cM−24
, and ψ0 and x0 are
constants of integration, the latter chosen so that the Liouville field vanishes
at the horizon. The ADM-mass is now modified
MB =M
(1− cM
12
)2
1− cM
24
(9)
due to the presence of the quantum stress-energy tensor.
There is a singularity in the model for cM = 12, where the field equations
are ill-defined. For cM < 0 or 24 > cM > 12 the solution (8) is that of an
asymptotically flat (limx→∞R = 0) black hole of positive mass MB as given
by (7), with temperature T = M
2pi
and entropy
S =
(1− cM
12
)2
(1− cM
24
)
ln
(
MB
M0
)
(10)
where M0 is a constant of integration. For increasingly large negative cM
(or for 24 > cM > 12) the density of states increases exponentially with
increasing |cM |.
For 12 > cM > 0, the metric in (8) becomes that of an expanding 2D
universe with time coordinate x = t˜. The Ricci scalar R ∼ t˜ 24cM −2 and is
finite for small t˜. For cM > 24 the metric is still that of an asymptotically
flat black hole, but with negative ADM-mass.
The situation changes somewhat when quantum corrections due to the
dilaton/metric/Liouville system itself are included. This may be done by
considering a functional integral over the field configurations of the metric,
ψ, and φ fields [9]. The path integral is
Z =
∫ Dg
VGC
DψDφDΦe−(S[ψ,g,φ]+SM [Φ])h¯ (11)
where S[ψ, g, φ] = SG + SL is the Euclideanization of (1,4) and SM the part
of the action incorporating additional matter fields {Φ}. The volume of the
diffeomorphism group, VGC , has been factored out.
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Making the same scaling assumption as in refs. [2, 9] about the functional
measure yields
Z =
∫
[Dτ ]DgφDgbDgcDgψDgφDgΦe−(S[ψ,ρ,φ]+Sgh[b,c]+SM [Φ])/h¯ (12)
=
∫
[Dτ ]DgˆφDgˆbDgˆcDgˆψDgˆφDgˆΦe−(S[ψ,ρ,φ]+Sgh[b,c]+SM [Φ]+Sˆ[ρ,gˆ])/h¯
where [Dτ ] represents the integration over the Teichmuller parameters and
Sˆ[ρ, gˆ] =
1
8pi
∫
d2x
√
gˆ
(
gˆµν∂µρ∂νρ−QρRˆ
)
(13)
is the Liouville action with arbitrary coefficient Q, where gµν = e
βρgˆµν , and
Rˆ and ∇ˆ2 are respectively the curvature scalar and Laplacian of the metric
gˆ. Sgh is the action for the ghost fields b and c.
Determining β and Q from the requirement that the conformal anomaly
vanish and that the gravitationally dressed Liouville potential Λeβρ−φ is a
conformal tensor of weight (1,1) yields
β2 =
47− cM
2cM − 91 (14)
and Q = 3β, leading to the restriction 47 > cM > 91/2, where cM is the
central charge of the conformally coupled matter fields. The cosmological
constant term has been renormalized to zero.
In this case, the modified field equations have the exact solution
αQ = 2M˜x− Λ
2
β2 + 1
(2β2 + 1)
x20(
x
x0
)−2β
2
φQ = (1 + β
2) ln(
x
x0
) and ψB = −2β2 ln( x
x0
) + ψ0 (15)
where M˜ = M
1+2β2
and the subscript “Q” denotes the fact that the fully
quantized back-reaction has been included. The ADM-mass is now
MQ = 2M
(1 + β2)2
β2(1 + 2β2)
(16)
and is manifestly positive.
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The spacetime described by the metric in (15) is that of a positive mass
black hole. It is asymptotically flat (more properly, asymptotically Rindle-
rian) for large positive x, and has a singularity in the curvature, dilaton and
Liouville fields at x = 0. The entropy is
S = 2
(β2 + 1)2
β2(2β2 + 1)
ln
(
MQ
M0
)
(17)
the temperature again being given by T = M
2pi
.
The above considerations suggest the following scenario for the evapora-
tion of Liouville black holes. When quantum effects are taken into account,
the classical spacetime described by (6) is modified to (15), with a larger
ADM-mass due to inclusion of the quantum stress-energy. This mass will
decrease with time as MQ ∼ 1/t, decreasing both the location xH of the
horizon and the maximal proper distance from the horizon to the singularity.
Eventually this distance (the “size” of the event horizon) becomes compara-
ble to the compton wavelength, xH ∼ 1/MQ, or
MQ ≥
√√√√λ 1 + β2
β2(1 + 2β2)
≡M0 (18)
which may be taken as a definition of M0. Since as MQ → M0 the en-
tropy tends to zero for finite temperature, at this point the thermodynamic
description breaks down and higher-loop corrections become important.
What effect might these have? Previous work [5] suggests that quantum
vacuum energies ΛQ (renormalized to zero to this order) will modify the
temperature to T ∼
√
M2 − ΛQ
2
, so that entropy becomes
S ∼ ln


√
M2 − ΛQ
2
+M
M˜0


where M˜0 is a constant comparable in magnitude to M0. In this case the
black hole slowly cools off to a zero temperature remnant, leaving behind a
global event horizon with its requisite loss of quantum coherence. Work is
in progress to determine whether or not higher-loop effects will have similar
consequences.
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